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Abstract. We derive generalizations of the Cherednik-Macdonald constant term identities as- 
sociated to root systems which depend, besides on the usual multiplicity function, symmetri- 
cally on two quasi-periods u>±. They are natural analogues of the Cherednik-Macdonald con- 
stant term (/-identities in which the deformation parameter q = exp(2iriui+ /u>^ ) is allowed 
to have modulus one. They unite the Cherednik-Macdonald constant term g-identities with 
closely related Jackson cj-integral identities due to Macdonald, where the deformation parame- 
ter q = exp(— 2iriLU— /u>+) is related to q by modular inversion. 



1. Introduction 

The Cherednik-Macdonald identities, conjectured by Macdonald [TS] and proven in full gener- 
ality by Cherednik [6] , are explicit constant term evaluations for certain families of densities A on 
compact tori. The density A (see ([373])) depends on a root system £ in Euclidean space V, on a 
multiplicity label k on E (free parameters) and on a deformation parameter q = exp(27ria;+/<^-) 
satisfying \q\ < 1. It is viewed as a density on the compact torus T = V/P v , where P v is the 
co-weight lattice of £ in V, and can be explicitly expressed in terms of g-gamma functions. In 
his well known 1987 manuscript Macdonald ,16] showed that A, viewed as density on the slightly 
enlarged torus V/Q y with Q v the co-root lattice of £ in V, serves as the weight function for a 
remarkable set of multivariate orthogonal polynomials, nowadays known as the Macdonald poly- 
nomials. Cherednik's [6] proof of the constant term identities highlights the crucial role of the 
double affine Hecke algebra in the theory of Macdonald polynomials. 

In this paper we derive natural analogues of the Cherednik-Macdonald constant term identities 
for \q\ = 1. They are expected to naturally appear in harmonic analysis on certain non-compact 
quantum groups (see e.g. [18l [2] [23l [19] for compelling evidence in this direction) and in certain 
classes of integrable systems (compare e.g. with [TT | 15] 19] f!2 ] ). 

The appearance of the g-gamma function in the Cherednik-Macdonald identities is the first 
apparent obstacle for the generalization of the identities to \q\ = 1, since the g-gamma function is 
only well defined for |g| < 1. The key to overcome this hurdle is Shintani's [21] observation that a 
suitable quotient of the g-gamma function and the g-gamma function, where q = exp(— 2iriu}~/tu+) 
is the deformation parameter related to q = exp(27ricj + /cj_) by modular inversion, admits analytic 
continuation to a parameter regime containing co-linear quasi-periods lu + and w_ (i.e. |g| = |gj = 
1). The analytic continuation of this remarkable quotient serves as the natural analogue of the 
g-gamma function for |g| = 1. It has (re)appeared in various guises and in different contexts over 
the past century and goes by names as the double gamma function (Barnes [1]), the double sine 
function (Kurokawa |14|). the quantum exponential function (Woronowicz [28j). the hyperbolic 
gamma function (Ruijsenaars [21]). the noncompact quantum dilogarithm (Faddeev and Kashaev, 
see e.g. [9]) and the 7- function (Volkov [27] ). In this paper we have chosen to relate it to 
Ruijsenaars' [21] hyperbolic gamma function (through the formulas (|2.ip and (|2.3p below). The 
precise links with the other close relatives can be easily deduced from the appendices in [22] [18] . 

We thus seek a generalization of the Cherednik-Macdonald constant term identities in which 
the role of the g-gamma function is taken over by the hyperbolic gamma function. To achieve this, 
we unite the constant terms with absolutely convergent sums of the form 
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for suitable dual densities A (see (|3.3p ) that can be explicitly expressed in terms of q-gamma 
functions (alternatively, the sums can be written as multidimensional Jackson (/-integrals). The 
sums are independent of v and can be explicit evaluated using Macdonald's [17] summation iden- 
tities. These identities are in some sense "dual" summation versions of the Cherednik-Macdonald 
constant term identities. Combining both of them gives an explicit evaluation of the absolutely 
convergent integral 



with dv Lebesgue measure on V and D C V a fundamental domain for the translation action of 
P v on V. It turns out that the density AA (as well as the explicit evaluation of the integral 
can be entirely expressed in terms of hyperbolic gamma functions. Furthermore, after a suitable 
rotation of the integration region V within its complexihcation Vc, the resulting integral identity 
admits analytic continuation to a parameter regime in which the two quasi-periods w+ and u>- 
are allowed to be co-linear (in which case |g| = \q\ = 1). The identities thus obtained are the 
generalized Cherednik-Macdonald identities referred to in the title of the paper. 

Integral identities involving hyperbolic gamma functions (for which we will use the terminology 
hyperbolic integral identities), have appeared at various places in the literature. There is a large 
supply of univariate hyperbolic integral evaluations, see e.g. [18, 23, 26J [27l H] . In particular, the 
method employed in this paper was used in [26j to obtain univariate hyperbolic beta integrals 
(containing as special case the generalized Cherednik-Macdonald identity for E of rank one) . Mul- 
tivariate hyperbolic integral evaluations have been obtained in e.g. [20, 8, 25, 3J. The multivariate 
hyperbolic integral evaluation relevant to the generalized Cherednik-Macdonald identities is the 
type II multivariate hyperbolic integral evaluation from |8j Thm. 4] (see also [20l Cor. 4.4]). 
Concretely, its first level degeneration (see [H Thm. 5]) is the generalized constant term identity 
associated to Koornwinder's [13] extension of the Macdonald theory (in this case the associated 
root system £ is the nonreduced root system of type BC) . It contains the generalized Cherednik- 
Macdonald identities associated to root systems of type A\, B n and C n as special cases. The 
techniques of the present paper can in fact easily be generalized to include the Koornwinder case, 
but we do not pursue this here in detail. 

The contents of the paper is as follows. After a short introduction on the hyperbolic gamma 
function in subsection 12.11 and fixing notations on root systems in subsection 12 . 2 1 we formulate the 
generalized Cherednik-Macdonald identities in subsection 12.31 In subsection 13.11 we fix ui + / uj- in 
the upper half plane (so that \q\, \q\ < 1), we use the expression of the hyperbolic gamma function 
as quotient of g-gamma and q-gamma functions and rotate the integration regime in order to be 
able to fold the integral as in (jl.ip . In subsection 13.21 we recall the Cherednik-Macdonald con- 
stant term identities and the associated dual summation identities to complete the proof of the 
generalized Cherednik-Macdonald identities. In section 4 we show that the generalized Cherednik- 
Macdonald identities associated to root systems £ of type A\ , B n and C„ are special cases of the 
first level degeneration j8[ Thm. 5] of the multivariate hyperbolic integral evaluation of type II. 

Convention: We take the branch of \f ■ which is nonnegative on the nonnegative real axis and with 
branch cut along the negative real axis. 

Acknowledgments: The author is supported by the Netherlands Organization for Scientific 
Research (NWO) in the VIDI-project "Symmetry and modularity in exactly solvable models". He 
thanks Fokko van de Bult and Eric Rains for stimulating discussions. 



2.1. The hyperbolic gamma function. We consider Cherednik-Macdonald constant term iden- 
tities in which the role of the g-shifted factorial 
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is replaced by Ruijsenaars' [21 hyperbolic gamma function (the g-gamma function T g referred to 
in the introduction relates to the g-shifted factorial by T q (x) = (1 — q) 1 ~ x (q; q) /(q x ;q) oc for 
< q < 1). All results stated here can be immediately traced back to [3T] and [22] Appendix A]. 
See also the paper [57], which gives a nice overview of some of the key properties of the closely 
related 7-function. 
We write 

C± = {z e C I Rc(z) ^ 0} 
for the open right/left half-plane in C and 

H± = {z £ C I Im(z) ^ 0} 

for the open upper/lower half-plane in C. The hyperbolic gamma function G(uj + , cj_ ; z) , depending 
on two quasi-periods ui± G C+, is defined for |Im(z)| < iRe(u+ by 

dy f sin(2yz) z 



G(u)-l-, z) — exp [ i [ — 
V Jo V 



2 smh(uj + y) sinh(o;_y) uj + LU-y / 

We suppress the quasi-periods and write G(z) — G(u>+,u}—i z) if no confusion can arise. We denote 
(lu + + uj-) and A = := Z> iui + + Z> iui- C H + (where H + is the closed upper half 



plane in C). The hyperbolic gamma function satisfies the functional equations 

G(z + iu)±/2) „ , , . , 

2.2 -i -*U- = 2 cosh (nz u T ) 

G(z — iuj±/2) 

whenever the left hand side is defined. The functional equations allows to extend G(w + ,w_;z) 
to a meromorphic function on (cj+, z) G C^ 2 x C with zero and singular locus contained in 

{(uj + ,lj-,z) e C+ 2 x C\z e iuj + A LU+ ^_} and {(w + ,w_,z) € C+ 2 xC|z £ -iu - A w+ ^_}, 
respectively. 

Important for our considerations is the fact that G(z) may be viewed as a generalization of the 
q-shifted factorial (|2.1[) in which q is allowed to have modulus one. This becomes transparent from 
Shintani's [24] product formula 

, 00 , , (exp(-27r(z- w)/w-);q) ( ni (w + 

(2.3) G(z) = ? — — — — — -r^exp -— — + — exp 



(exp(— 2tt{z + iw)/uj + ); q) \ 24\w_ oj+J J \ 2u + uj- 

for oj + /lj- G H+, where the bases q and g are related to the quasi-periods cu± by 

q — exp(27ria;+/a;_), q = cxp(— 27ricj_/o; + ). 

For a simple proof of (|2.3[) . see e.g. [26] Prop. 6.1]. Note that the requirement oj + /uj- G H + 
is necessary for the right hand side of (|2.3[) to be well defined, since it implies that \q\ < 1 and 
\q\ < 1. On the other hand, |g| = 1 and \q\ = 1 corresponds to co-linear quasi-periods uj± G C+, 
in which case the hyperbolic gamma function G(z) itself still makes perfect sense. 

2.2. Root systems. The Cherednik-Macdonald constant terms and their generalizations in the 
present paper are naturally attached to root systems. We fix in this subsection the necessary 
notations. Let S C V be an irreducible, crystallographic, reduced root system in an Euclidean 
space V of rank n. We write (•, •) for the scalar product of V and || • || for the associated norm 
on V. We normalize the root system S such that ||a|| 2 = 2 for short roots a G S. The co-roots 
are a v = 2a/\\a\\ 2 for a G E. Let W be the Weyl group of E, and denote Q, Q v , P and P v for 
the root lattice, co-root lattice, weight lattice and co-weight lattice of E, respectively. Note that 
Q (respectively Q v ) is a sublattice of P (respectively P v ) of finite index. We write 

(2.4) / = #(P/Q) 

for the index of Q in P. It is also equal to the index of Q v in P v . 

We fix a basis {ctj}" =1 for E. We denote E + and E~ = — E + for the associated sets of positive 
and negative roots in E, and we write Uj G P and ojJ G P v (1 < j < n) for the associated 
fundamental weights and co-weights. 

A iy-invariant complex valued function k : E — * C is called a multiplicity function. We write k a 
for the value of the multiplicity function k at a G E. Let K be the complex vector space consisting 
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of multiplicity functions. It is one dimensional if all roots a £ E have the same length and two 
dimensional otherwise. For k £ JC we write Pk = \ X)qgs+ k a a for the &;-deformation of the half 
sum of positive roots. Note that 

n 

(2.5) p k = k aj u}j. 

Following Macdonald [IB], P~7], we formulate two types of generalized Cherednik-Macdonald 
integral identities associated to E. The two types depend on two different choices (i) and (ii) of 
an auxiliary multiplicity function u £ JC: 

(i) u a = 1 for all a £ E. 
(ii) u a = 2/\\a\\ 2 for all a £ E. 

The possible values of u a are 1, | or i. We write a' := u a a for a £ E, so that a' = a for case (i) 
and a' = a v for case (ii). 

2.3. The integral identities. For a £ E and quasi-periods w± G C+ we write 

G Q (z) = G Q (w + ,w_; z) := G(u> + , w Q w_; z), 

cj a = + it a w_) and A Q = Z>oiw+ + Z>om a w_. Since G(rw+, rcj_; rz) = G(lu+,uj-; z) for 

r > and G(uj+,uj-; z) — G(lu-,oj+; z) (both are immediate from the definition of G{z)) we can 
alternatively write G a (z) = G(u>-, u~ w+; b„ z). 

The integral identities depend, besides on the root system E, on two quasi-periods w± and on a 
multiplicity function /c : E — ► C. We formulate the integral identities for parameters in the open, 
arcwise connected parameter space 

S = {(w+, CO—, k) £ C* 2 x JC | G H_, fc Q g C_ n w + w_C+ Vae E}. 

So for quasi-periods u>± £ C+ satisfying lo + uj- £ EL we have (w+, w_, k) £ S for fc G /C iff fc takes 
value in the non-empty open wedge within C_ bounded by the half-lines cj + w_iR<o and iR<o- 
Let dv be Lebesgue measure on V normalized by J D dv = 1, where _D is the parallelepiped in 



V spanned by the fundamental co- weights u)J (1 < j < n). The extension of the scalar product 



to a complex bilinear form on the complexification Vc of V will also be denoted by 
Theorem 2.1. For (w + ,w_,fc) £ S we have 

rr G a ((a',v) +iu a ) _ 
v ^GJ(a',v) + i(k a +uj a )) 



f* w uJT^ n 



G a (^((p fc ,Q V ) + ^ a ))G a (z((p fc ,q v ) -q; a )) 
. . v ... , G a {i{{pk, a v ) + k a + u) a ))G a (i((pk, a v ) - k a - uj a )) ' 

I 

where the regularized product Y[ means that the factors G aj (i((pk, aj) — k aj — uj aj )) (1 < j < n) 
in the denominator should be omitted. 

Remark 2.2. Using the VF-invariance of the integrand, (|2.5p . and the special value (cf. [26j A. 8]) 

g(u+,U-\ + w -)) = \fw-/u+ 

of the hyperbolic gamma function, the integral identity is equivalent to 
rr G a ((a',v) +iu a ) _ 
v+ *Jt,G a ((a',v) +i(k a +cu a )) V ~ 

, n -rr G Q (i(( / 9 fe ,a v ) +w Q ))G Q (i((/9 fc ,a v ) - w Q )) 



where 



x ,, G a (i((p kl a w ) + k a +Lo a ))G a {i((p k ,a w ) ~ k a + u a Lu_S a - u a )) 



:= {w G V | (a,«) > Va e E+} = 0M> O ^ V 
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is the closed positive Weyl chamber and S a (a G E + ) is 1 if a G {ai, . . . , a n } and is otherwise. 
See also section 2] for alternative expressions of the integral identities for root systems E of type 
Ax, B n and C n . 



We now verify that both sides of (|2.6|) are well defined, and that they depend analytically on 
(u} + ,lu-, k) G S. The actual proof of the integral identity (|2.6p is postponed to the next section. 
Write 

G a ({a',v) + iu> a ) 



(2.7) I(v) := J] 



E G a ((a',v) + i{k a + uj a )) 
for the integrand of (|2.6[) . viewed as meromorphic function on v G Vfc. 

Lemma 2.3. (a) For parameters (u/+,ui—,k) G S the integral J v+ I(v)dv is absolutely convergent. 
It depends analytically on (oj+,o;_,£;) G S. 

(b) The right hand side of (|2.6p depends analytically on (a;+,a;_,fc) G 5. 

Proof, (a) First we show that the integrand I(v) is analytic at v G V". For this it is convenient to 
rewrite the integrand I(v) using the reflection equation J2TJ Prop. III. 2] 

(2.8) G{z)G{-z) = 1 

for the hyperbolic gamma function (its validity is immediate from the definition of G{z)). Together 
with ([23]) it yields 

(2.9) G(z + ioj)G{~z + iu>) = 4sinh(7rz/cj + ) sinh(7rz/ijj_). 
Using (|2.8[) and (|2.9[) the integrand I(v) can then be rewritten as 

I(v) = {4sinh(7r(a',?;)/a; + ) sinh(7r(a,u)/(jj_) 

(2.10) aes+ 

xG a ((a',v) - i(fc Q + u; Q! ))G ! a (-(ai / ,u) - i(k a + uj a ))} , 
from which it immediately follows that the possible poles of v i— > /(u) are at 

(2.11) («',«> € -ifca + A a , a G E. 

Since (cj+,o;_,A;) G 5 we have fc Q G C_ and A a C H+, hence — ifc a + A Q C H+ for all a G E. It 
follows that is analytic at v € V. 

For the convergence of the integral (|2.6p we use asymptotic estimates for the hyperbolic gamma 
function from [22l Thm. A.l] (see also [20]), which imply that for compacta K± C C+, K C R 
there exist i?, C > depending only on K ± and iiT such that 

\G(w+, z)| < C| exp(=F7ri2; 2 /2a;+w_) | 

when Re(z) ^ i?, Im(z) G X and cj± G K±. Applied to the alternative expression (|2.10[) of the 
integrand I(v), we obtain for compacta K C S the estimate 

|/(w)|<Cjr|exp(-47r(p fc ,i;)/a; + w_)| J Vv G V+, V (u + ,lu-, k) £ K 

for some constant Ck > 0. Observing that —k a /uj+u)- G C_ (a G E) if (uj + ,Lj-,k) G S and 
that 2(pk,LuJ) is a non-empty sum of fc a 's for 1 < j < n, it now easily follows that I(v)dv is 
absolutely convergent and that it depends analytically on (u>+,u>-, k) G S. 
(b) For a G E+ \ {ai,.. . ,a„}, 

(p fc ,a v ) - fe Q 

is a nonempty sum of fyj's. Furthermore, for (cj_|_,cj_, k) E S we have A Q C H + nw+w_IHI + . Using 
these two observations it is straightforward to check that the right hand side of (|2.6|) depends 
analytically on (uj+,uj-, k) G S. □ 

Remark 2.4. The proof of the lemma shows that the conditions k a G C_ are needed for the 
singular locus of the integrand I(v) to be properly separated by the integration region V, while 
the conditions k a G o; + c<j_C+ are needed for the convergence of the integral. The requirement 
cj+cj- G H_ is imposed to end up with an arcwise connected parameter space. 
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3. The proof of the integral identity 

Since S is arcwise connected, it suffices to prove Theorem 12.11 for parameters in the smaller 
parameter domain 

s' := e (c+ne_) x2 xjc | lu + /lu_ e h+, k a e c_ncj + c+n(cj_H + -w + ) Va e £} 

(hereby thus destroying the symmetric role of lo + and o;_). Note that for ui± G C+ n H_ with 
lu + /uj_ G H_|_ the allowed space C_ n o-> + C + n (cj_H + — lo + ) in which the multiplicity functions 
may take their values is an open triangle in the third quadrant C_ n H_ of the complex plane. 

We assume the parameter conditions , lo_ ,k) G S' throughout this section. The bases 
associated to (u>+, u a uo^) for a G £ are denoted by 

q a = exp(2muj + /u a u_) , q a — exp(— 2iriu a u>^/uj + ), 

which, under the present assumptions, have moduli < 1. We also write 

t a = exp(—2irik a /u a uj-), t a = cxp(— 27rifc Q /w + ), 

which also have moduli < 1. Finally it is convenient to use the notation 

q^ = exp(27riw + z/u Q ,aj_), q^ = exp(— 2mu a oj-z/oj+) 

for z G C, which allows us to write t a — q a ka ^ + and t a — q a ka / UaUJ - . 

3.1. Splitting the integral. The starting point for the proof of Theorem 12.11 is the following 
observation. 

Lemma 3.1. We have 

I(v)dv = (ioj-) n / I(iu>-v)dv, 



with both sides absolutely convergent. 

Proof. Write § G (0, tt/2) for the argument of ioj- G C+HH+. Set E+ = {re 10 \ r > 0, < 6 < ■$}, 
which is the closure of the open wedge lu-C+ D H+ in C, and write 

V+ := {v G V C | (a,v) G E+, Va G £+}. 

Observe that v — J2j=i ^j^j e ^V" ^ e f° r 1 — J — n - We apply Cauchy's Theorem to 
rotate the coordinate-wise integrations over the half lines [0,oo) to e i,s [0,oo) in the integral 

n poo poo / n \ 

/ I{v)dv= •••/ 7(VA J wJ)dAi---dA n . 

JV+ J\!=0 J\ n =0 j = l 

To justify the application of Cauchy's Theorem, we have to show that the integrand I(v) is analytic 
at v G and that \I(v)\ has sufficient uniform asymptotic decay when \v\ — ► oo for v G Vj~ . 
Since the poles of the integrand I(v) (see (|2.7p ) are at (a' , v) G — ik a + A a (a G S) and 

(-ik a +A a )n(E+U(-E+)) = 0, V a G S, 

the integrand I(v) is analytic at w £ V^~. Unfortunately, the asymptotic estimates for the hy- 
perbolic gamma function G{z) from [2"2l Appendix A] and Cor. 2.3] are not good enough to 
establish the necessary uniform bounds on the integrand I(v) for v G Vj~ . In fact, for our purposes 
we would need uniform asymptotics of G(z) for z in suitable translates of E# , but these regions 
are not allowed in [SH Cor. 2.3] because includes the half-line K>oe I1? running parallel to the 
wedge iui + IR>o«w + + R>o«^- generated by the zeros iu> + A of G(z). To bypass this problem, we 
establish the necessary asymptotics of I(v) using Shintani's product formula (|2.3|) for G(z), which 
we are allowed to use since lo + /ld- G H+. 

Using the alternative expression (|2.10| for the integrand I(v) in combination with the reflection 
equation (|2.8| and the product formula (|2.3|) for the hyperbolic gamma function, we then write 



(3.1) 7(,) = ex P (-l^) n ^W'^W*-^) 



> Je+ B^ + ((a',v)))B°(^((a,v))) 



GENERALIZED CHEREDNIK-MACDONALD IDENTITIES 



7 



with 4>±{z) — exp(— 2nz/u>±) and with the four complex analytic functions 

A +( z ) = (! - z)(q a i a z;q a ) oo , A°L{z) = (1 - z)(q a t~ 1 z;q a ) oo , 

B%{z) = (t" 1 *; - (Mife)^. 

Our goal is to show that the a-dependent factors in (|3.1[) are uniformly bounded on Vj~. Fix 
a G £ + , then V$ is mapped onto E^ by the complex linear functionals (a, •) and (a', •). By the 
parameter conditions we have C ui±C+ (where C+ is the closed right half plane), hence <p± 
map Eq into the closed unit disc D = {z G C | \z\ < 1} . Consequently, A" o<^±, B±o(f>± : E$ — > C 
are bounded. Furthermore, £?" is zero-free on D since \t a \ < 1, hence (J5" o is bounded on 

E#. Now jf" 1 ! > 1, so B" has a finite number of poles {toq^^^a m where r is the largest 
nonnegative integer such that t a q~ r G D. Yet we still claim that E# 3 z i— > is zero 

free and that its inverse is bounded on Ej". For this it suffices to show that the poles {£a§^ J }j =0 
of B+ in D are not contained in the closure of <fr+ (Et ) . 

Fix < j < r and choose an open neighborhood U of k a contained in the open triangle 
C- l~l n (w_H+ — Since 0+ is an open map, q~ J cj>+(iU) is an open neighborhood of 

Qa^a- It suffices to show that <j> + {E^) D q~i 4> + {iU) — 0, or equivalently that -E^ D J7j(Z) = for 
all I G Z, where [/,(/) = i(U — ju a id- + lu + ). 

If / < then Uj(l) C H_ since U C C_ and — ui± G C_. On the other hand, E$ is contained 
in the closed upper half plane, hence E^ n Uj(l) = 0. 

If Z > then U — ju a uj- + lui + C w_H + , hence Uj(l) C oj_C_. On the other hand, Et is 
contained in the closure of u_C + , hence again E# n t/j(Z) = 0, as required. 

The bounds thus obtained now give, in combination with (|3.ip . the uniform estimate 



\I(v)\<C 



exp 



Vw G V+ 



for some constant C > 0. In particular, for v — Y^j=i Aj'^i ^ ^i3 + we have 

n 

|/(«)| <Cn«p(47rc,-|A J |) 

3=1 

with 

, i= MaxRef-^">"V 

By the parameter conditions we have Cj < for 1 < j < n, hence Cauchy's theorem can be applied 
repeatedly to obtain 



I[v)dv = {iu)-) n I I(iu)-v)dv. 
>v+ Jv+ 
Symmetrizing both sides yields the desired result. □ 

The product formula (|2.3p applied to the expression (|2.7|) of the integrand I(v) gives 

I(iu_v) = KA(v)A(v) 

with the constant 

(3.2) K = Y\ ex p( — 7vik a (k a + 2ui a )/u a w+u)- S ) 

and with 



a , n TT (exp(27ri(a,i;));g ct ) 
A(v) =|| 



(3.3) 



(i _ SJ v t Q exp(27ri(o!,u));g Q ,) 



(«a ;<7a) c 
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Observe that A(v) is P v -invariant. By Lemma 13. II we can thus write 

(3.4) f I(v)dv = {iw-) n K I A(v) I V A(v + A) ] dv, 

Jv Jd Vagpv / 

which plays a crucial role in the derivation of the integral identity (|2.6[) in the following subsection 

3.2. Cherednik-Macdonald identities. We prove the desired integral identity 
(3.5) 

/ I(v)dv = #Wfuj n TT G a (i(( Pk ,a v ) +uj a ))G a (i((p k ,a v ) - u a )) 

Jv ^ h , G a (i((pk,a v ) + k a + u> a ))G a (i((p k ,a v } - k a + u a u>S a - u> a )) 



using the alternative expression (13. 4| for the left hand side. The right hand side of (13. 4ft simplifies 
by the following identity, which is equivalent to Macdonald's summation identity [17l §7]. 

Theorem 3.2. [17j For v € Vc such that (a, v) g Z for all aeS, 

N := + A) 

AeP v 

is absolutely convergent and independent of v. Moreover, 

(q a t a exp(-2m(p k , a v )/u} + ); g a ) 00 (gj°^~ 1 exp(-2iri(p k , q v )/q; + ); q a ) ^ 
s . (q a exp(-2ni(p k , a v ) /u+);q a ) x (exp(-2ni(p k , a v ) /u + );q a ) ^ 



*=f n 



Proof. We give the precise correspondence with [17l (7.4)]. In our notations, after analytic con- 
tinuation in the parameters, it reads as follows. For uj + /lo- G H + , k G JC with n a G lo-lo^_ H + 
and for w € Vc such that (a 1 , w) £ Z for all a G E, we have 

( l+ Ka +{a',w+X) \ / <p K ,Q V >+ KQ + l <p K ,a v )-K Q +<5 n 

Co TT ±tl ' qa )oo f I T V*^ '^Woo 

^O.u; ^ J_J_ ^ l + (a',w + \) \ ' 11 / (p K .a v )+l <p K .a v ) 



AGA aSS 



with the sum being absolutely convergent and with A = P v in case (i) (in which case u a = 1 and 
a' = a for all a€S) and with A = P in case (ii) (in which case u a — 2/\\a\\ 2 and a' = a v for all 
a G £). 

We relate this formula to the statement in the theorem for case (i) and case (ii) separately. The 
theorem for case (i) with parameters (u)' + ,u>'_, k) G S' follows from case (i) of (|3.6[) with w = v 
and the parameters specialized to (w+,o;_, n) = (— u>'_, k/u)'_), where k/uj'_ is the multiplicity 
function that takes value k a /oj'_ at a e S. 

For case (ii) we write <p £ Y, for the highest root with respect to £ + (which is a long root). 

_ i ~ 

For a 6 £ we define a = u v 2 a v . Then £ = {a} Qe s is a reduced irreducible root system in V, 

normalized so that short roots have squared length two. We take {5i}™ =1 as basis of £. Observe 

~ _i 

that the weight lattice of £ is u v 2 P v and that u& = u v /u a . The theorem for case (ii) with 

~ _j_ 

parameters (ui' + ,u)'_,k) G S' now follows from case (ii) of (|3.6[) with £ replaced by £, w = u v 2 v, 
(cj + ,cj_) = (— u v uj'_, uj' + ) and Ka — k a /u a uj'_. □ 



Theorem 1H and d3T4J) thus yield 
(3.7) / J(u)du = (iuj-) n KN I A(v)dv. 



The following constant term identity, which was conjectured by Macdonald [16[ §12] and proved by 
Cherednik in [B] using double affine Hecke algebras, gives the evaluation of the resulting integral. 

Theorem 3.3. 0[H| We have 

A(v)dv = N 

D 
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with 

N _ ^ w -pr (exp(-27ri(p fc , a y )/u a LO^);q a ) ao {q a exp(-2iri(p k , a y )/u a uj^)\ g^)^ 
(ta exp(-2Tri(p k , a y )/u a L}^); q a ) oo (q a ta 1 exp(~2ni(p k , a v )/it Q w_); q a ) r 

Combining Theorem 13.31 and (|3.7p we thus obtain the integral evaluation 

(3.8) / I(v)dv = (iui-) n KNN. 

Jv 

By the product formula (|2.3|) for the hyperbolic gamma function we have 

G a (i((p k ,a v ) + u a ))G a (i((p k ,a v ) - u a )) 



(iuj^) n KNN = ftWfu 1 ! Yl 



G a (i({p k ,a y ) +k a + Lo a ))G a (i((p kl a v ) - k a + u a uj~S a - u> a )) 
hence (|3.8p gives the desired integral identity (|3.5p . This completes the proof of Theorem 12.11 

4. Connection to type II integral evaluations 

In this section we show that the generalized Cherednik-Macdonald constant term identity for 
root system E of type Ai, B n and C n is a special case of the first level degeneration [51 Thm. 5] 
of the type II multivariate hyperbolic integral evaluation [5J Thm. 4], see also Cor. 4.4]. This 
integral identity is the hyperbolic analogue of the constant term associated to Koornwinder's Q~3] 
extension of the Macdonald theory. Before giving the identity we first have to introduce some 
more notations. 

Consider K™ with standard scalar product (•, •) and standard orthonormal basis {ej}™ =1 . We 
write d'v for the Lebesgue measure on E™ normalized by Jj Q ^ d'v = 1. Set 

Rs = {±£j}7=1j Rl = { = ' = ( e r ± e S )}l<r<s<ri, 

where Ri is the empty-set if n — 1 (all sign combinations arc allowed). We write 7 = (71, 72, 73, 74) G 
C and I7I =71+72 + 73+74- Define the parameter space Sbc to be the set of parameters 
(u>+, uj-, 7, k) 6 C+ x C 5 satisfying 

oj + lu- e H_, 

7r 6 C_ (1< r < 4), 

oj+ + <jJ- + |7| € 07 + w_(L +: 

k g c_ n w + tj_c+. 

It serves as the analogue of the parameter space 5 for the generalized Cherednik-Macdonald 
identities. For n = 1 the space Sbc should be interpreted as the set of parameters (lu + ,lu-,j) S 
Cj_ x C 4 that are subject to the conditions given by the first three lines of ()4.1j) . 
For (u>+, UJ-, 7, k) € £>bc we now consider the integral 

= f tt G((a, 7;) + foQgqa, «) + ^)G((a, ^ + n G((l3,v) 
BC ' J^Ai IlJ =a iG«a ) «>+i( W + 7i)) <?(</?, t,)+i( W + «)) " 



Note that the integrand can be simplified since 

4- itiAG( In. v\ -4- - 

2 ' vx ' ' 2 



J] G(2<a,u>+iw) = II G«a,«)+ia;)G«a, ? ;) + -^±)G«a, U ) + ^), 



which follows from the identity 

(4.2) G(2z + iw) = G{z)G(z + ^)G(z + ^)G(z + 

(see [31] Prop. III. 2]) and the reflection equation (|2.8|) . The integral Jbc is then seen to be 
equivalent to the integral from [5J Thm 5]. It follows from [SJ Thm. 5] that Jbc is absolutely 



in 
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convergent for (u>+, w_, 7, k) G <5>bc and that it is equal to 

G(i(w + K))G{i{w + (2n - j - 2)k + | 7 |)) 



(4.3) iV BC = 2 n n!(v^r)"n 



LI + (j + 1)«)) ]Il<r< S <4 + 3 K + lr + 7,)) ' 

This can also be proved by a straightforward generalization of the arguments in this paper, replac- 
ing the role of the Cherednik-Macdonald constant term identity by Gustafson's [TUj multivariate 
Askey- Wilson integral evaluation and the role of Macdonald's summation identity by van Diejen's 
[7] multivariate summation formula. It can also be obtained as rigorous limit from the multi- 
variate hyperbolic integral evaluation of type II ([HI Thm. 4], [201); see [3J. For n = 1, the integral 
identity is the hyperbolic Askey- Wilson integral evaluation from {25J . 

We now proceed to show that the generalized Cherednik-Macdonald integrals J v I(v)dv for root 
systems £ of types A\, B n and C n are special cases of the hyperbolic integral Jbc- We leave the 
(rather cumbersome) identification of their exact evaluations to the evaluation formula Nbc of 
Jbc to the reader. For this identification one needs the identities G(0) = 1 (which is obvious) and 

\ 2 J y \2j Q y \uo T y^ ysmh(uJ T y)J) 
see e.g. [HJ (3.17)] for the last equality. 

4.1. £ of type Ai and of type B n . We realize the root system £ of type B n (n > 2) as 
£ = £ s U £ ( C R" with 

E a = {±V2e 3 } 7 > =1 , £ ; = {±V2(e r ± e s )}i< r<s <„, 

so £ s = ^/2R S and £; = \/2Ri (the awkward normalization is caused by the requirement 
that the short roots S s in £ should have squared length two). We include n = 1 as the case 
£ = £ s , = {±V2ei}, in which case it is the root system of type A\. In the discussion below the 
obvious modifications have to be made for n = 1. We have P v = ^= ®" = i ^ e j> so ^ w = (V2) n d'v. 
For a given multiplicity function k G /C we write fc s for its value on the short roots £ s and ki for 
its value on the long roots £/. 

Case (i) (u a = 1 for all a G £): After a change of integration variables the generalized 
Cherednik-Macdonald integral becomes 

T( W = f TT G((a,v)+iLj) -pr G((flt;)+to;) ,/ 
v " Ve- ii G«a, w) + i{k s + U )) 11 G«/3, «) + z(fc, + W )) " 

for (w_|_, cj_, k) G 5. It equals Jbc with the parameters (7, k) specialized to 

(7, k) = (fe s ,--±,— 

Under this parameter correspondence the requirement (w+, w_, 7, k) G <Sbc exactly corresponds 
to (cj+, w_, fc) G S. 

In particular, with this parameter specialization, the hyperbolic Askey- Wilson integral evalua- 
tion reduces to the generalized Cherednik-Macdonald identity for £ of type A%: 

f G(v + iu)G{-v + iu) G(i{k + u))G{i{k~uj)) 

K ' } J R G(v + i(k + uj))G{-v + i{k + uj)) V V + G{i(2k + u)) 

for (lo + , uj- ,k)(zS. 

Case (ii) (u a = 2/\\a\\ 2 for a G £): The generalized Cherednik-Macdonald integral becomes 
[ T( W» - / TT G(u + ,u-;(a,v)+iu) j-r G(w+, ^; ^ + + ^)) 
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for , LJ- , k) S S. We rewrite the integrand involving only hyperbolic gamma functions with 
quasi-periods (2uj + , u>- ) using 

G{uj+,uj^;z) = G(2cj+,u_;z + ^)G(2w + , z - -— t) 

and G(w+, W-/2; z) = G(2cj + , cj_; 2z) (see [211 Prop. III. 2]). We conclude that J v I(v)dv equals 
Jbc with respect to the quasi-periods (2cj+, oj_) and with the parameters (7, re) specialized to 

= (k s ,k s - u+, — - -w+ - -^-,2ki). 

The requirement (ui+, u>-, 7, re) € Sbc then becomes (uj+,uj-,k) G 5. 

4.2. £ of type G„. We realize the root system £ of type G„ (n > 2) as E = £ s U £/ C K" with 

£ s = {±(e r ± e s )}l<r<s<n) £2 = {±2ej}j =1 , 

so £ s = Ri and £ ; = 2i? s . We have / = #(P V /Q V ) = 2 and Q v = 0" =1 Ze^, so d'u = \dv. For 
a given multiplicity function k e AC we write fc s for its value on the short roots £ s and ki for its 
value on the long roots £j. 

Case (i) (u Q = 1 for all a £ £): The generalized Cherednik-Macdonald integral becomes 
rn ,„,/ tt G(2(a,^)+H „ gj(A^+jcj) 
W " V R » J| s G(2«a,«) + f ) +<«) G«M +*(*. + «)) 
for (o;+,aj_, fe) G 5. By (14. 2|) and (|2.8p . the product over a £ R s can be rewritten as 

G((a, f) + ^)G((a, u) + ^ ± )G((a, «) 



n 



~2~, 



_ /Js G((«, v) + + w))G((a, v) + i(£ + ^))G«a, «) + i(| + ^))G«a, v) + f ) 

Hence J,, I(v)dv equals 2 Jbc with the parameters (7, re) specialized to 

'h ki uj+ ki uj- ki 



(Kl Kl 0J + fc; Ld- ki \ 

( Z>«)={2>2- T' 2~— 'Y~ W ' fcs J- 



The parameter conditions (u>+,u;_,7, re) € <Sbc become (w + ,cj_,fc) e 5. 

Case (ii) (ii Q = 2/||a|| 2 for all a g £): The generalized Cherednik-Macdonald integral becomes 

re iw = 2 / TT (q^^) + »(^r + ^)) tt GVt-,^-; , 

v yR» a ^G( W+ ,^;<a,t;>+i(^ ' 

We rewrite the integrand involving only hyperbolic gamma functions with quasi-periods (uj + , o;_ ) 
using 

„/ uj- s , ioj_ s , 

G{u + , — ;z) = G(lj + ,uj-;z + — )&{uj + ,uj-; z —J, 

cf. [2TJ Prop. III. 2]. We conclude that J v I(v)dv equals 2 Jbc with the parameters (7, re) special- 
ized to 

(7, re) = (ki, ki - ^ , , -uj, fc s ) . 
The parameter conditions (w+,u;_,7, re) € Sbc again become (w+,uj-,k) 6 S. 

References 

[1] E.W. Barnes, The theory of the double gamma function, Phil. Trans. Royal Soc. A 196 (1901), 265-387. 
[2] F.J. van do Bult, Ruijsenaars' hypergeometric function and the modular double of W 9 (s(2(C)), Adv. Math. 
204 (2006), no. 2, 539-571. 

[3] F.J. van de Bult, E.M. Rains, Degenerations of multivariate hyperbolic hypergeometric integrals, in prepara- 
tion. 

[4] F.J. van de Bult, E.M. Rains, J.V. Stokman, Properties of generalized univariate hypergeometric functions, 

Comm. Math. Phys (to appear), arXiv: math.CA/0607250| 
[5] A.G. Bytsko, J. Teschner, Quantization of models with non-compact quantum group symmetry: modular XXZ 

magnet and lattice sinh-Gordon model, J. Phys. A 39 (2006), no. 41, 12927-12981. 
[6] I. Cherednik, Double afjine Heche algebras and Macdonald's conjectures, Ann. Math. 141 (1995), 191—216. 



12 



JASPER V. STOKMAN 



[7] J.F. van Diejen, On certain multiple Bailey, Rogers and Dougall type summation formulas, Publ. Res. Inst. 

Math. Sci. 33 (1997), no. 3, 483-508. 
[8] J.F. van Diejen, V.P. Spiridonov, Unit circle elliptic beta integrals, Ramanujan J. 10 (2005), no. 2, 187—204. 
[9] L.D. Faddeev, R.M. Kashaev, A. Yu. Volkov, Strongly coupled guantum discrete Liouville theory. I. Algebraic 

approach and duality, Comm. Math. Phys. 219 (2001), no. 1, 199-219. 
[10] R.A. Gustafson, A generalization of Selberg's beta integral, Bull. Amer. Math. Soc. (N.S.) 22 (1990), 97-105. 
[11] M. Jimbo, T. Miwa, Quantum KZ eguation with \q\ = 1 and correlation functions of the XXZ model in the 

gapless regime, J. Phys. A 29 (1996), no. 12, 2923-2958. 
[12] S. Kharchev, D. Lebedev, M. Semenov-Tian-Shansky, Unitary representations of W 9 (s((2, R), the modular 

double, and the multiparticle q-deformed Toda chains, Comm. Math. Phys. 225 (2003), 573-609. 
[13] T.H. Koornwinder, Askey- Wilson polynomials for root systems of type BC. In: Hypergeometric functions 

on domains of positivity, Jack polynomials, and applications (Tampa, FL, 1991), 189—204, Contemp. Math., 

138, Amer. Math. Soc, Providence, RI, 1992. 
[14] N. Kurokawa, Multiple sine functions and Selberg zeta functions, Proc. Jap. Acad., Ser. A 67 (1991), 61—64. 
[15] I.G. Macdonald, Some conjectures for root systems, Siam J. Math. Anal. 13 (1982), no. 6, 988-1007. 
[16] I.G. Macdonald, Orthogonal polynomials associated with root systems, Sem. Lothar. Combin. 45 (2000/01), 

Art. B45a. 

[17] I.G. Macdonald, A formal identity for affine root systems. In: Lie groups and symmetric spaces, 195—211, 
Amer. Math. Soc. Transl. Ser. 2, 210, Amer. Math. Soc, Providence, RI, 2003. 

[18] B. Ponsot, J. Teschner, Clebsch- Gordon and Racah-Wigner coefficients for a continuous series of represen- 
tations of representations o/W 9 (sl 2 (R)), Comm. Math. Phys. 224 (2001), no. 3, 613-655. 

[19] W. Pusz, S.L. Woronowicz, A new quantum deformation of 'ax + b' group, Comm. Math. Phys. 259 (2005), 
no. 2, 325-362. 

[20] E.M. Rains, Limits of elliptic hypergeometric integrals, arXiv: math. C A/0607093 

[21] S.N.M. Ruijsenaars, First order analytic difference equations and integrable quantum systems, J. Math. Phys. 
38 (1997), no. 2, 1069-1146. 

[22] S.N.M. Ruijsenaars, A generalized hypergeometric function satisfying four analytic difference equations of 

Askey-Wilson type, Comm. Math. Phys. 206, no. 3 (1999), 639-960. 
[23] S.N.M. Ruijsenaars, A generalized hypergeometric function III. Associated Hilbert space transform, Comm. 

Math. Phys. 243 (2003), no. 3, 413-448. 
[24] T. Shintani, On a Kronecker limit formula for real quadratic fields, J. Fac. Sci. Univ. Tokyo, Sect. 1A, 24 

(1977), 167-199. 

[25] V.P. Spiridonov, Short proofs of the elliptic beta integrals, Ramanujan J. 13 (2007), 265—283. 
[26] J.V. Stokman, Hyperbolic beta integrals, Adv. Math. 190 (2005), 119-160. 

[27] A. Yu. Volkov, Noncommutative hypergeometry, Comm. Math. Phys. 258 (2005), no. 2, 257-273. 
[28] S.L. Woronowicz, Quantum exponential function, Rev. Math. Phys. 12 (2000), no. 6, 873-920. 

KORTEWEG-DE VRIES INSTITUTE FOR MATHEMATICS, UNIVERSITY OF AMSTERDAM, PLANTAGE MUIDERGRACHT 

24, 1018 TV Amsterdam, The Netherlands 
E-mail address: jstokmanascience.uva.nl 



